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We describe the motion of bright spot in jet from accreting black hole viewed by a distant observer.
It is supposed that the motion of this bright spot is ballistic. We calculate the positions, forms and
brightness as for the direct lensed bright spot images and also for the first and second light echoes
in discrete times along the motion of bright spot in the jet. As representative examples we use the
orientations of the supermassive black holes SgrA* and M87* with respect to a distant observer on the
Earth. Motion of the bright spots in the jets from black holes provides the unique possibility for the
verification of general relativity and its modifications in the strong field limit.
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I. INTRODUCTION
One of the most impressive manifestations of the Active Galactic Nuclei (AGN) is the powerful relativistic jets
from their central enigmatic supermassive black holes [1–30]. Nowadays, the most advancedmodels of these jets are
the supercomputer General Relativistic Magnetohydrodynamic (GRMHD) simulations [31–38] based on the startling
Blandford-Znajek process of energy extraction from the rotating black hole surrounded by the accretion disk with a
regular poloidal magnetic field [39–42].
The fast technical advance in astrophysical observations opens a new window for detailed investigations of the
relativistic environs of astrophysical black holes. In particular, the crucial physical task is the observation and
investigation of jets generated by the accreting black holes. We describe the motion of the bright spot in the jet from
accreting black hole viewed by a distant observer.
The lensing of any luminous object in the strong gravitational field of the black hole results in an infinite number
of images [54–57]. The brightest image is the so-called direct or prime image and associated with photons that do
not cross the black hole equatorial plane on the way to a distant observer. The secondary images (light echoes) or
higher order images are generated by photons intersecting the black hole equatorial plane several times. Note that
the energy flux from all secondary images, as a rule, are negligible in comparison to one from the direct image.
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2In this paper, we suppose that the motion of the bright spot in the jet is ballistic. The corresponding trajectories
of photons emitted by the moving bright spot and reaching a distant observer are calculated by using the Carter
equations of motion for test particles in the Kerr metric. We calculate the positions, forms and brightness as for the
direct lensed bright spot images and also for the first and second light echoes in discrete times along the trajectory of
the bright spot in the jet.
II. KERR METRIC
The classical form of the Kerr metric [43–51] in the Boyer–Lindquist coordinates (t, r, θ, φ) [45] is
ds2 = −e2νdt2 + e2ψ(dφ − ωdt)2 + e2µ1dr2 + e2µ2dθ2, (1)
where
e2ν =
Σ∆
A
, e2ψ =
A sin2 θ
Σ
, ω =
2Mra
A
, (2)
e2µ1 =
Σ
∆
, e2µ2 = Σ, e2µ1 =
Σ
∆
, (3)
∆ = r2 − 2Mr + a2, Σ = r2 + a2 cos2 θ, (4)
A = (r2 + a2)2 − a2∆ sin2 θ. (5)
In these equations M is a black hole mass, a = J/M is a black hole specific angular momentum (spin), ω is a frame-
dragging angular velocity. Throughout this paper we use the units with the gravitational constant G = 1 and the
velocity of light c = 1. Additionally, we use for simplification of formulas the dimensional values: for space distances
r ⇒ r/M, for time intervals t ⇒ t/M and etc. These mean that we measure the radial distances in units GM/c2
and time intervals in units GM/c3. Similarly, we use the dimensionless value for black hole spin a = J/M2 ≤ 1, by
supposing that 0 ≤ a ≤ 1.
The event horizon of the Kerr black hole in the Boyer–Lindquist coordinates is a sphere with radius
rh =M +
√
M2 − a2, (6)
which is the largest root of the quadratic equation ∆ = 0.
The most physically appropriate coordinate frame for Kerr black hole is a so-called Locally Nonrotating Frame
(LNRF) [48, 50]. The orthonormal tetrad
e(i) = e
µ
(i)
∂
∂xµ
, e(i) = e (i)µ dx
µ (7)
relates the Boyer–Lindquist coordinates with the similar ones for physical observers in the LNRF:
e(t) = e
−ν
(
∂
∂t
+ω
∂
∂ϕ
)
=
(
A
Σ∆
)1/2 ∂
∂t
+
2Mat
(AΣ∆)1/2
∂
∂ϕ
,
e(r) = e
−µ1 ∂
∂r
=
(
∆
Σ
)1/2 ∂
∂r
,
e(θ) = e
−µ2 ∂
∂θ
=
1
Σ1/2
∂
∂θ
,
e(ϕ) = e
−ψ ∂
∂ϕ
=
(
Σ
A
)1/2 1
sinθ
∂
∂ϕ
. (8)
The related basis differential 1-forms for LNRF are
e(t) = eνdt =
(
Σ∆
A
)1/2
dt, (9)
e(r) = eµ1dt =
(
Σ
∆
)1/2
dr, (10)
e(θ) = eµ2dt = Σ1/2 dθ, (11)
e(ϕ) = −ωeψdt + eψdϕ = −2Mar sinθ
(ΣA)1/2
dt +
(
A
Σ
)1/2
sinθdϕ. (12)
3III. EQUATIONS OF MOTION FOR TEST PARTICLES
The corresponding first-order differential equations of motion for the test particle in the Kerr metric are [44, 46–51]:
Σ
dr
dτ
= ±
√
R(r), (13)
Σ
dθ
dτ
= ±
√
Θ(θ), (14)
Σ
dφ
dτ
= L sin−2 θ + a(∆−1P − E), (15)
Σ
dt
dτ
= a(L − aE sin2 θ) + (r2 + a2)∆−1P, (16)
where τ is the proper particle time of massive particle (µ , 0) or affine parameter along the trajectory of massless
(µ = 0) particle. The effective radial potential R(r) in these equations governs the radial motion of test particles:
R(r) = P2 − ∆[µ2r2 + (L − aE)2 +Q], (17)
where
P = E(r2 + a2) − aL. (18)
Respectively, the effective polar potential Θ(θ) defines the polar motion of test particles:
Θ(θ) = Q − cos2 θ[a2(µ2 − E2) + L2 sin−2 θ]. (19)
Note that zeros of these potentials define the turning points dR/dτ = 0 and dΘ/dτ = 0 in the radial and polar
directions, correspondingly.
Trajectories of massive particles (µ , 0) in the Kerr metric depend on three parameters (constants of motion or
orbital parameters): γ = E/µ, λ = L/E and q =
√
Q/E. Meanwhile, the corresponding trajectories of massless
particles (µ = 0) depend only on two parameters: λ = L/E and q =
√
Q/E. Notice that there are also possible particle
trajectories with Q < 0, which do not reach the space infinity. This article will not consider photon trajectories with
Q < 0 because we aim to find photon trajectories reaching a distant observer (formally at r = ∞).
In our numerical calculations, we use also the integral form of the first order differential equations of motion in
the Kerr metric [44, 46, 50, 51]:
?
dr√
R(r)
=
?
dθ√
Θ(θ)
, (20)
τ =
?
r2√
R(r)
dr +
?
a2 cos2 θ√
Θ(θ)
dθ, (21)
φ =
?
aP
∆
√
R(r)
dr +
?
L − aE sin2 θ
sin2 θ
√
Θ(θ)
dθ, (22)
t =
?
(r2 + a2)P
∆
√
R(r)
dr +
?
(L − aE sin2 θ)a√
Θ(θ)
dθ. (23)
The integrals in (20)–(23) are the contour (or path) integrals along the particle trajectory. The main feature of these
contour integrals is the monotonic growing along the particle trajectory: the integrands in these contour integrals do
not change their signs in transition through the radial and polar turning points. For example, the contour integrals
along a particle trajectory in (20) come to the ordinary ones if there are no radial and polar turning points along the
particle trajectory
∫ rs
r0
dr√
R(r)
=
∫ θs
θ0
dθ√
Θ(θ)
, (24)
4where rs and θs is the initial (starting) particle radial and polar angle coordinates (e. g., the initial photon emission
point), while r0 ≫ rh and θ0 is the corresponding final (finishing) points on the trajectory (e. g., the photon detection
point by a distant observer).
Respectively, in the case of a trajectorywith only one turning point θmin(λ, q) (the turning point in the polar effective
potential Θ(θ)), the contour integrals in (20) are written through the ordinary integrals in the following form
∫ r0
rs
dr√
R(r)
=
∫ θs
θmin
dθ√
Θ(θ)
+
∫ θ0
θmin
dθ√
Θ(θ)
. (25)
The most complicated case, which we consider in this paper, is the case of a trajectory with two turning points,
respectively θmin(λ, q) (in the radial direction) and rmin(λ, q) (in the polar direction). The corresponding contour
integrals in (20) in this case are written through the ordinary integrals in the form
∫ rs
rmin
dr√
R(r)
+
∫ r0
rmin
dr√
R(r)
=
∫ θs
θmin
dθ√
Θ(θ)
+
∫ θ0
θmin
dθ√
Θ(θ)
. (26)
It is clear that integral equations (20)–(23) for particle trajectories with more numbers of turning points are written
through the ordinary integrals in similar ways.
IV. MOVING BRIGHT SPOT IN THE JET
We suppose that a bright spherical massive blob of hot plasma with a mass µ and total energy E = µ (parabolic
motion) is moving away from the extreme Kerr black hole (a = 1) with ballistic velocity along the black hole rotation
axis, starting very near the event horizon radius, rh = 1. To neglect the tidal effects, we additionally suppose that
the radius of bright massive blob, rb, is very small in comparison with the event horizon radius rb ≪ rh. It is also
supposed that the radius of the blob remains constant during the motion.
From equation (19) for the polar potential Θ(θ) it follows that all photons starting to a distant observer from the
black hole rotation axis (at θs = 0) must have orbital parameter λ = L/E = 0. So, our task is reduced to finding only
one orbital parameter, q(r) for photons, staring from the black hole rotation axis at radius r.
Orbital parameters of photon λ = L/E and q =
√
Q/E, reaching a distant observer at the given radius r0 >> rh,
at the given polar angle θ0 and at the given azimuth angle ϕ0, are related to the corresponding horizontal impact
parameter α and vertical impact parameter β on the celestial sphere (see details in [52–54]):
α = − λ
sinθ0
, β = ±
√
Θ(θ0), (27)
where the effective polar potential Θ(θ) is defined in (19). The impact parameter α is called the horizontal impact
parameter, and β, respectively, is called the vertical impact parameter.
The corresponding radial and polar potentials for photons with λ = 0 in the case of extreme Kerr black hole (a = 1)
are
R(r) = r(2 + r + r3) − (1 − r2)q2, Θ(θ) = q2 + cos2 θ. (28)
We also take into account the gravitational redshift and Doppler effect of photons emitted by the luminous blob
of plasma moving along the jet and detected by a distant observer. The orthonormal Locally Nonrotating Frame
(LNRF) from equations (7)–(12) is suitable for calculations of the corresponding energy shift of these photons and
energy flux from the bright blob detected by a distant observer.
A radial velocity component of the luminous blob with a mass µ, moving along the jet with the azimuth angular
momentum L = 0 in the LNRF is
V ≡ V(r) =
uµe
(r)
µ
uνe
(t)
ν
=
√
R(r)
(r2 + a2)γ
. (29)
Here, γ = E/µ is the Lorentz gamma-factor, uµ = dxµ/ds is the 4-velocity of the blob, defined by differential equations
(13)–(16), and R(r) is the effective radial potential from equation (17) with the parameter L = 0.
5FIG. 1. 3D trajectories of photons starting at r = 1.1 and providing the prime image (green curve) and the 1-st light echo (red
curve) of the outward moving hot spot. The photon of the 1-st light echo moves clockwise in the r(θ) plane.
All photons, reaching a distant observer, start from the moving blob with the orbital parameter λ = 0. In this case,
the corresponding components of the photon 4-momentum p(µ) in the LNRF are
p(ϕ) = gµνpνe
(ϕ)
µ = 0, (30)
p(t) = gµνpνe
(t)
µ =
√
r2 + a2
∆
, (31)
p(r) = gµνpνe
(r)
µ =
√
r2 + a2
∆
− r
2 + q2
r2 + a2
, (32)
where ∆ is from equation (4). The condition p(i)p(i) = 0 determines the fourth component of the photon 4-momentum.
The photon energy in the LNRF is ELNRF = p
(t). Meantime, the corresponding photon energy in the comoving frame
of the massive blob moving with a radial velocity V relative to the LNRF is
E(r, q) = p
(t) − Vp(r)√
1 − V2
. (33)
As a result, the photon energy shift (ratio of the photon frequency detected by a distant observer to the frequency of
the same photon in the comoving frame of the blob) is g(r, q) = 1/E(r, q). This energy shift takes into account both the
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FIG. 2. 2D version of Fig. 1. Relations r(θ) for photons starting at r = 1.1 and producing a prime image (green curve) and,
respectively, producing the 1-st light echo and moving clockwise in the r(θ) plane (red curve).
FIG. 3. 3D trajectories of photons, starting at r = 1.1, and providing the prime image (green curve) and the 1-st light echo (red
curve) of the outward moving hot spot. The photon of the 1-st light echo is moving clockwise in the r(θ) plane.
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FIG. 4. Relations for photons q(r), producing the prime image (green curve) and the 1-st light echoes. Clockwise photons
are moving along the trajectories with the growing polar angle θ, while counterclockwise photons are moving in the opposite
direction. In this figure, the relations q(r) are shown in different colors for clockwise and counterclockwise photon trajectories,
with and without rmin along the photons’ trajectory. The red dot corresponds to the photon spherical orbit with λ = 0. Blue curve
q(rmin) corresponds to the turning points in radial potential, R = 0.
redshift in the black hole gravitational field and the Doppler effect.
We incorporate the photon shift g(r, q) into the Cunningham–Bardeen formalism [53, 54] for numerical calculation
the energy flux detected by a distant observer from the moving blob of finite size. We also numerically calculate
the elliptic deformation of the lensed prime image of the small spherical blob in the strong gravitational field of the
Kerr black hole (see more details of these calculations in [58–64]) Some results of these calculations are illustrated in
Figures 1–8 ans in numerical animation [65].
V. JET FROM THE SUPERMASSIVE BLACK HOLE SGRA*
The probable position of a distant observer is near the black hole equatorial plane at θ0 ≃ 84◦. 24 in the case of
supermassive black hole SgrA* in our Galactic center, and, respectively, the black hole equatorial plane coincides
with the Galactic equatorial plane.
The trajectories of photons emitted by the bright spot and reaching a distant observer are calculated by using the
Carter equations of motion for test particles in the Kerr metric (13–16).
Figure 1 shows 3D trajectories of two photons starting at r = 1.1 and providing the prime image (green curve) and
the 1-st light echo (red curve) of the outward moving hot spot. In this Figure and on the similar ones throughout
this paper we use the (dimensionless) Boyer–Lindquist coordinates (t, r, θφ) for the Kerr metric (1). The orbital
parameters (λ = 0, q = 1.75) for the prime image photon and (λ = 0, q = 4.665) for the 1-st light echo photon (without
the turning point rmin andmoving clockwise in the r(θ) plane) are derived from the numerical solutions of the integral
equations of motion (24) and (25), respectively, with the photon staring point (rs = 1.1, θs = 0) and the finishing point
(r0 = ∞, θ0 = 84◦. 24).
Figure 2 shows the corresponding 2D trajectories of the same two photons as in Figure 1 in the plane (r, θ).
See in Figure 3 the similar 3D trajectories of photons, starting at the radius r = 1.49 on the rotation axis of the black
hole, and providing the prime image (green curve) and the 1-st light echo (red curve) of the outward moving hot
spot. The orbital parameters q = 2.175 for the prime image and q = 4.436 for the 1-st light echo (without the turning
point rmin and moving counterclockwise in the r(θ) plane) are derived from the numerical solutions of the integral
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FIG. 5. Direct image and 1-st light echoes of the outward moving hot spot in the jet from the extreme Kerr black hole (a = 1)
SgrA* in discrete time intervals. Light echoes (secondary images) are concentrated near the black hole shadow boundary (closed
purple curve) on the celestial sphere. The magenta arrow is the direction of the black hole rotation. The magenta dashed circle is
a position of the black hole event horizon with radius rh = 1 in the imaginary Euclidean space.
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FIG. 6. The 1-st light echoes of the outward moving hot spot in the jet from the extreme Kerr black hole (a = 1) SgrA*. They are
concentrated near the black hole shadow boundary (closed purple curve).
equations of motion (24) and (25), respectively.
Figure 4 demonstrates the corresponding relations for photons q(r) for the prime image (green curve) and the
1-st light echoes. Clockwise photons are moving along the trajectories with the growing polar angle θ, while
counterclockwise photons are moving in opposite direction. In this figure, the relations q(r) are shown in different
colors for clockwise and counterclockwise photon trajectories, with and without rmin along the photons’ trajectory.
Red dot in this Figure corresponds to the photon spherical orbit r = const with λ = 0. Blue curve q(rmin) corresponds
to the turning points r = rmin for the radial potential, R(r) = 0.
Figure 5 shows both the direct image and 1-st light echoes of the outward moving hot spot in the jet from the
extreme Kerr black hole (a = 1) SgrA* in discrete time intervals. The luminous blob is starting from the north pole
of the black hole event horizon globe at the radius r = rh and finishing at the radius r = 20. The local colors of
lensed images in this Figure and in the similar ones are related to the local black-body temperature of the blob,
which is supposed to be constant during the blob motion in the jet. It is shown the elliptic deformation of the
lensed prime image of the small spherical blob in the strong gravitational field of the Kerr black hole. Light echoes
(secondary images) are concentrated near the black hole shadow boundary (closed purple curve) on the celestial
sphere. Images of all light echoes in this Figure and on the successive similar ones are artificially strongly increased
and enhanced to be comparable in brightness and sizes with the prime images. Magenta arrow is the direction of
the black hole rotation. The magenta dashed circle is a position of the black hole event horizon with radius rh = 1
in the imaginary Euclidean space. The light blue region is the lensed image of the whole black hole event horizon
globe. The corresponding blue curves are meridians and parallels on the black hole event horizon globe (see [61–64]
for more details).
Figure 6 shows the 1-st light echoes of the hot spot in the jet from the extreme Kerr black hole (a = 1) SgrA* in
discrete time intervals moving clockwise and counterclockwise in the (rθ) plane. These light echoes are viewed by a
distant observer near the projected position of the classical black hole shadow on the celestial sphere.
VI. JET FROM THE SUPERMASSIVE BLACK HOLE M87*
In the case of supermassive black hole M87* at the center of the galaxy M87 a position angle of the large-scale jet
PA= 288◦ and the viewing angle between the jet axis and line-of-sight θ0 = 17◦ according to [66, 67].
Figure 7 is similar to Figure 4 and demonstrates the corresponding relations for photons q(r) for the prime image
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FIG. 7. Relations for photons q(r), producing the prime image and the 1-st light echoes in the case of the supermassive black hole
M87*. Clockwise photons (magenta curve) move along the trajectories with the growing polar angle θ, while counterclockwise
photons (red curve) move in the opposite direction.
(green curve) and the 1-st light echoes in the caseof the supermassive blackholeM87*. Themagenta curve corresponds
to the clockwise photon trajectories while the red curve to the counterclockwise ones. Clockwise photons aremoving
along the trajectories with the growing polar angle θ, while counterclockwise photons are moving in the opposite
direction.
At last, Figure 8 is similar to Figure 5 and shows both the direct image and 1-st light echoes of the outward
moving hot spot in the jet from the extreme Kerr black hole (a = 1) M87* in discrete time intervals. The luminous
blob is starting from the south pole of the black hole event horizon globe at the radius r = rh and finishing at the
radius r = 10. The local colors of lensed images are related to the local black-body temperature of the blob, which
is supposed to be constant during the blob motion in the jet. The elliptic deformation of the lensed prime image of
the small spherical blob in the strong gravitational field of the Kerr black hole is shown. Light echoes (secondary
images) are concentrated near near the black hole shadow boundary (closed purple curve) on the celestial sphere.
The blue region is the lensed image of the whole black hole event horizon globe. The light blue region is the lensed
image of the black hole event horizon globe’s northern hemisphere. The boundary between the blue and light blue
region is the lensed image of the equator on the event horizon globe (see [61–64] for more details).
VII. DISCUSSION AND CONCLUSION
The lensing of any luminous object in the black hole’s strong gravitational field leads to an infinite number of
images. We calculated the positions, forms and brightness for the direct lensed bright spot images and for the first
and second light echoes in discrete times along the motion of bright spot in the jets from the supermassive black
holes SgrA* and M87*. The moving luminous blob is starting from the north pole of the black hole event horizon
globe in the case of the supermassive black hole SgrA* and from the south one in the case of the supermassive black
hole M87*. Note that images of all light echoes in our Figures are artificially strongly increased and enhanced to be
comparable in brightness and sizes with the prime images. The corresponding numerical animation of the lensed
images of the small luminous blob moving along jet from the supermassive black holes SgrA* and M87* see [65].
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FIG. 8. The direct image and 1-st light echoes of the outward moving hot spot in the jet from the extreme Kerr black hole (a = 1)
M87* in discrete time intervals. The luminous blob is starting from the south pole of the black hole event horizon globe at the
radius r = rh and finishing at the radius r = 10. The local colors of lensed images are related to the local black-body temperature
of the blob, which is supposed to be constant during the blob motion in the jet. The elliptic deformation of the lensed prime image
of the small spherical blob in the strong gravitational field of the Kerr black hole is shown. Light echoes (secondary images) are
concentrated near the black hole shadow boundary (closed purple curve) on the celestial sphere. The blue region is the lensed
image of the whole black hole event horizon globe. The light blue region is the lensed image of the black hole event horizon
globe’s northern hemisphere. The boundary between the blue and light blue region is the lensed image of the equator on the
event horizon globe.
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